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Abstract. The obstruction to the local-global principle for a hermitian lattice (L, H) can be 
quantified by computing the mass of {L,H). The mass formula expresses the mass of {L,H) 
as a product of local factors, called the local densities of {L,H). The local density formula 
has known except for a ramified hermitian lattice of residue characteristic 2. In this paper, we 
finally obtain the local density formula for a ramified hermitian lattice of residue characteristic 
2, by constructing a smooth integral group scheme model for an appropriate unitary group. 
Consequently, this paper, combined with the paper ^ of W. T. Gan and J.-K. Yu, allows the 
computation of the mass formula for a hermitian lattice (L, H) . 



1. Introduction 

The subject of this paper is old and has intrigued many mathematicians. If {V, H) and {V, H') 
are two hermitian fc'-spaces (or quadratic fc-spaces), where A; is a number field and k' is a quadratic 
field extension of k, then it is well known that they are isometric if and only if for all places 
the localizations iV-u^Hy) and (Fj,//^) are isometric. That is, the local-global principle holds 
for hermitian spaces and quadratic spaces. It is natural to ask whether or not the local-global 
principle holds for a hermitian i?'-lattice (or a quadratic i?-lattice) (L, H), where R' and R are the 
rings of integers of k' and k respectively. In general, the answer to this question is no. However, 
there is a way (the mass of (L, H)) to quantify the obstruction to the local-global principle, and 
an essential tool for this is the mass formula. The mass formula expresses the mass of (L, H) as 
a product of local factors, called the local densities of (L, H). 

Therefore, it suffices to find the explicit local density formula in order to obtain the mass 
formula and accordingly to quantify the obstruction to the local-global principle. 

For a quadratic lattice, the local density formula was first computed by G. Pall [IB] (for p ^2) 

and G. L. Watson [20j (for p = 2). For an expository sketch of their approach, see [13]. There 

is another proof of Y. Hironaka and F. Sato [llj computing the local density when p ^ 2. They 

treat an arbitrary pair of lattices, not just a single lattice, over (for p ^ 2). J. H. Conway 
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and J. A. Sloane [4J further developed the formula for any p and gave a heuristic explanation for 
it. Later, W. T. Gan and J.-K. Yu [6j (for p ^ 2) and S. Cho [2] (for p = 2) provided a simple 
and conceptual proof of Conway-Sloane's formula by observing the existence of a smooth affine 
group scheme G over Z2 with generic fiber AvLiQ^{L,H), which satisfies G(Z2) = Autz2(-^> -f^)- 

There has not been as much work done in computing local density formulas for hermitian 
lattices as in the case of quadratic lattices. Hironaka obtained the local density formula for an 
unramified hermitian lattice in the papers |9] and pi)]- In addition, M. Mischler computed the 
formula for a ramified hermitian lattice {p 7^ 2) under restricted conditions in [15]. Later, in the 
paper [6j mentioned above, Gan and Yu found a conceptual and elegant proof of the local density 
formula for an unramified hermitian lattice without any restriction on p, and for a ramified 
hermitian lattice with the restriction p 7^ 2, by observing the existence of certain smooth affine 
group scheme models of a unitary group. The local density formula for a ramified hermitian 
lattice with p = 2 has not been computed yet and therefore the mass formula, when the ideal (2) 
is ramified in k' /k, is not known. The difficulties involved in this case (ramified with p = 2) are 
explained in [3]. 

The main contribution of this paper is to get an explicit formula for the local density, by 
constructing smooth integral models of a unitary group and investigating their special fibers, 
when L is a hermitian i?-lattice, where S is a quadratic ramified extension of A and A is an 
unramified finite extension of Z2. 

In conclusion, this paper, combined with [6j, allows the computation of the mass formula for 
a hermitian i?'-lattice (L, H) when the ideal (2) is unramified over R. We emphasize that R' is 
the ring of integers of k' and k' is any quadratic field extension of k. That is, the ideal (2) can 
be ramified over R' . As the simplest case, we can compute the mass formula for an arbitrary 
hermitian lattice explicitly when is Q and k' is any quadratic field extension of Q. 

This paper is organized as follows. We first state the structural theorem for integral hermitian 
forms in Section 2. Note that there are two different cases (denoted by Case 1 and Case 2) for 
a quadratic ramified extension E/F, as explained in the first paragraph of Section 2. These two 
cases should be handled independently. We then give an explicit construction of G (in Section 
3) and its special fiber (in Section 4) in Case 1. Finally, we obtain an explicit formula for the 
local density in Section 5 in Case 1. We repeat the process used in Sections 3-5 to treat Case 2 
in Sections 6-8. 

As in [BJ, the smooth group schemes constructed in this paper should be of independent interest. 
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2. Structural theorem for hermitian lattices and notations 
2.1. Notations. Notations and definitions in this section are taken from [2], [6] and |12j . 

• Let -F be a non- Archimedean local field with A its ring of integers and k its residue field. 

• Let £" be a ramified quadratic field extension of F with B its ring of integers and k its 
residue field. 

• We fix 2 and vr as a uniformizing element of A and B, respectively. 

• Let a be the non-trivial element of the Galois group Gal(-E/-F). 

• The lower ramification groups Gj's of the Galois group Gal{E/F) satisfy one of the 



We justify the above briefly. Based on Section 6 and Section 9 of [T2], there is a suitable 
choice of a uniformizer tt as follows. We describe this below without proof. Li Case 1, 
E = F{\/1 + 2u) for some unit u of A and vr = 1 + \/l + 2u. Then o"(7r) = evr, where 
e = 1 mod vr and is a unit in A. This induces that cr{'K) + 7r,(T(7r) • vr G (2)\(4). 
In Case 2, E = i^(vr). Here, vr = V^E, where 6 G A and 6 = 1 mod 2. Then iT(vr) = — vr. 
From now on, vr is as explained above throughout this paper. 

The construction of smooth models associated to these two cases are different and we 
will treat them independently. 
• We consider a i?-lattice L with a hermitian form 



where h{a ■ v,b ■ w) = a{a)h ■ h{v, w) and {w, v) = a{h{v, w)). We denote by a pair (L, h) 
a hermitian lattice. We assume that V = L 0^ F is nondegenerate with respect to h. 
• We denote by (e) the i?-lattice of rank 1 equipped with the hermitian form having Gram 
matrix (e). We use the symbol A{a, b, c) to denote the i?-lattice B ■ ei + B ■ 62 with the 



following: 



Case i : G_i = Go = Gi, G2 = 0; 
Case 2:G-i = Go = Gi = G2, G3 = 0. 



h:LxL^B 





Especially, for each integer i the lattice 



by H{{). 
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• A hermitian lattice L is the orthogonal sum of sublattices Li and L2, written L = Li(BL2, 
if Li n L2 = 0, Li is orthogonal to L2 with respect to the hermitian form h, and Li and 
L2 together span L. 

• The ideal generated by h(x, x) as x runs through L will be called the norm of L and 
written n{L). 

• By the scale s{L) of L, we mean the ideal generated by the subset h{L, L) of E. 

Definition 2.1. For a given hermitian lattice L, 

a) For any non-zero scalar a, define aL = {ax\x € L} which is also a lattice in the space 
L®B E. Call a vector x of L maximal in L if x does not lie in ttL. 

b) L will be called 7r*-modular if the ideal generated by the subset h{x, L) of E is ir^B for 
every maximal vector x in L. 

c) Assume that i is even. A 7r*-modular lattice L is of parity type I if n{L) = s{L); otherwise 
of parity type II. The zero lattice is considered to be of parity type II. Caution that we 
do not assign parity type to with i odd. 

2.2. Tlie Structural Theorem for Integral hermitian Forms. We state the structural the- 
orem for 7r*-modular lattices as follows: 

Theorem 2.2. Let i = or I. 

a) Let L he a TT^-modular lattice of rank at least 3. Then L = ©_x^ i^A © where K is 
■k"^ -modular of rank 1 or 2, and each H\ = II[i). 

b) Assume that K is t:"^ -modular of rank 2. 

Ifi = 0,K^ A{1, 2b, 1) or A{2a, 2b, 1). In particular, A{2a, 2b, 1) = A{26, 2b, 1) 
in Case 2. 

Ifi = l, A{2, 2a, tt) (resp. K ^ A{25, 4a, vr) or K ^ A{U, 4a, tt) ) in Case 1 (resp. 
Case 2), where a £ A. 

c) If K is TT^ -modular of rank 1 and i = 0, then K = (e) where a = 1 mod 2. Notice that i 
cannot be an odd integer if the rank of L is odd. 

Proof. The theorem is proved in Proposition 10.2 and Proposition 10.3 of [123 except that K = 
yl(l,26, 1) if is a vr'^-modular lattice of rank 2 satisfying n(L) = s{L). Thus we only provide 
the proof of this below. Based on Proposition 10.2 of |12j . for such a lattice K, K = ^(l,a, 1) 
with respect to a basis (61,62) where the determinant a — 1 is a unit in A. Since the residue 
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field K is perfect, there is a unit element (3 in A such that a — 1 = ^ mod 2. We now choose an 
another basis (ei, (1 — /3)ei + /3e2). This completes the proof. □ 

Remark 2.3. a) ((4.5) in [12j) If L is vr^-modular, then vr-'L is vr*^^-' -modular for any integer 
j- 

b) (Section 4 in [12]) For a general lattice L, we have a Jordan splitting, namely L = Li 
such that Li is 7r*-modular. Jordan splittings L = ®i<j<( Li and K = ®]^<j<'p i^i will 
be said to be of the same type if t = T, and s(-Lj) = s{Ki), rank Lj=rank Ki, and 
n{Li) = s{Li) if and only if n{Ki) = s{Ki) for each i. Jordan splitting is not unique but 
canonical in the sense that two Jordan splittings of isometric lattices are always of the 
same type. 

c) If we allow Lj to be the zero lattice, then we may assume that s(Lj) = (vr*) without loss of 
generality. We can rephrase the above remark b) as follows: Let L = Li be a Jordan 
splitting with s(Lj) = (vr*) for all i > 0. Then the scale, rank and parity type of Lj depend 
only on L. We will deal exclusively with a Jordan splitting satisfying s{Li) = (vr*) from 
now on. 

2.3. Lattices. In this subsection, we will define several lattices and corresponding notations. A 
hermitian lattice {L,h) is given. We denote by (vr') the scale s{L) of L. 

(1) Ai, {x e L I h{x,L) G tt'B}. 

(2) X{L), the sublattice of L such that X{L)/'kL is the kernel of the symmetric bilinear form 
-Kh mod vr on L/irL. 

Let / = 2m or I = 2m — 1. We consider the function defined over L 

— q : L — > A, X I— )• — h(x,x). 

Then mod 2 defines a quadratic form L/vrL — > k. Assume that ^q mod 2 on L/ttL is an 
additive polynomial. Then we define the following lattice: 

(3) B{L), the sublattice of L such that B{L)/'kL is the kernel of the additive polynomial i^q 
mod 2 on LjixL and that B{V) = L if this polynomial is not additive. 

We notice that the above function is an additive polynomial if / = 2m, or / = 2m — 1 and KjF 
satisfies Case 2. Otherwise, that is, if / = 2m — 1 and K/F satisfies Case 1, this is not additive. 
To define a few more lattices, we need some preparation as follows. 
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Assume B{L) ^ L and / is even. Then the bihnear form — -h mod tt on Ac-vector space 

(7r-o-{7r))2 

L/X{L) is nonsingular symmetric and non-alternating. It is well known that there is a unique 
vector e G L/X{L) such that ( — i-h{v,e))'^ = — -h{v,v) mod vr for every vector v G 

(7r-f7(7r))^ (7r-f7(7r))^ 

L/X{L). Let (e) denote the 1-dimensional vector space spanned by the vector e and denote by 
the 1-codimcnsional subspace of L/X[L) which is orthogonal to the vector e with respect to 
— i-h mod TT. Then 

(7r-(T(7r))5 

B{L)/X{L) = e^. 

If B{L) = L, then the bilinear form — -h mod tt on K-vector space L/X{L) is nonsingular 

(7r-(7(7r))2 

symmetric and alternating. In this case, we put e = G L/X{L) and note that it is characterized 
by the same identity. 

The remaining lattices we need for our definition are: 

(4) W{L), the sublattice of L such that 

j W{L)/X{L) = (e) if I is even; 
\ W{L) = X{L) if I is odd. 

(5) Y{L), the sublattice of L such that Y{L)/irL is the kernel of 

the alternating bilinear form f^^^^^^^-^m h mod tt on B{L)/TrL if I = 2m in Case 1; 

the alternating bilinear form ^ ■ h mod tt on B{L)/TrL if I = 2m — 1 in Case 2. 

The last lattice we need to define in this subsection is 

(6) Z{L), the sublattice of L such that Z{L)/ttL is the kernel of 

{the quadratic form -^q mod 2 on Lj-nL if I = 2m — 1 in Case 1; 

the quadratic form ^r^q mod 2 on B{L)/itL if I = 2m in Case 2. 

Remark 2.4. a) We can associate the 6 lattices above to Denote the resulting 

lattices by Ai,Bi,Wi,Xi,Yi,Zi. 
b) As K-vector spaces, the dimensions of Ai/Bi,Wi/Xi,Yi/Zi are at most 1. 

Let L = 0^ Li be a Jordan splitting. When i is even, we assign a type to each Lj as follows: 

I if Li is of parity type /; 

1° if Li is of parity type I and the rank of Lj is odd; 
if Li is of parity type I and the rank of Lj is even; 

II if Li is of parity type II. 
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When i is odd, we say that Li is 

r 

of type II if E/F satisfies Case 1 ; 

< of type I if E/F satisfies Case 2 and Ai 2 Bi] 

of type II if E/F satisfies Case 2 and Ai = Bi. 

In addition, when i is even, we say that Lj is 

bound of type I if Li is of type I and either Li-2 or is of type /; 
< bound of type II if Li is of type II and either Lj_i or Lj+i is of type /; 
free otherwise. 

When i is odd, we say that Li is 

bound if either Lj_i or Lj+i is of type /; 
free otherwise. 

Notice that each type of Li is determined canonicaUy regardless of the choice of a Jordan 
sphtting. 

2.4. Developed Structural Theorem for Integral hermitian Forms. We now develop The- 
orem 2.2 according to the type of each Lj. For this, we need a series of lemmas. 

Lemma 2.5. (Proposition 9.2 in [12jj Let L be a tt"^ -modular lattice of rank 2 with n{L) = 
n{II{i)). Then L = II{i) in Case 2 with i odd and in Case 1 with i even. 

Lemma 2.6. (Proposition 4-4 |12| ) A tt"^ -modular lattice L has an orthogonal basis if n(L) = 
s{L). 

Lemma 2.7. Assume that E/F satisfies Case 2. Let L = yl(4a, 25, vr) © (2c) with respect to a 
basis (ei, 62, 63), where c = 1 mod 2. Then L = 11(1) © (2c') where c' = 1 mod 2. 

Proof. We choose a basis (ei — ^^,62 + 63, ^ + 63) of L. With respect to this basis, L = 
^(-4a-16a2,2(5+c),7r(l+4a))©(2c(l-^)). Moreover, n(^(-4o-16a2, 2((^+c), 7r(l+4a))) = 
n{H{l)) = (4). This, by combining with the above lemma, completes the proof. □ 

Combining the above lemmas with Theorem 2.2, we have the following structural theorem: 

Theorem 2.8. Let L = ® j be a Jordan splitting of the given lattice L. Let i = or i = 1. 
Then Li = 0_;^ H\ © K , where K is i:"^ -modular of rank 1 or 2, and each H\ = II{i). 
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a) In Case 1, 



K 



b) In Case 2, 



(a) where a = 1 mod 2 

^(1,2&,1) 
F(0) 

yl(2,26,7r) 



K 



(a) where a = 1 mod 2 if i 
A(l,26,l) ifi 
A{25,2b,l) ifi 
A(4a, 25,7r) z/i 
H{1) 



if i = and Lq is of type I"; 

if i = and Lq is of type P; 

if i = and Lq is of type II; 
ifi = l. 



and Lq is of type 1°; 
and Lq is of type I^] 

and Lq is of type 11; 

1 and Li is free of type I; 



if i = 1, and Li is bound of type I or of type II. 
From now on, the pair (L, h) is fixed throughout this paper. 



3. The construction of the smooth model G in Case 1 

We reproduce the first paragraph of Section 3 in [2] to make contents of this section precise. 
Let G' be a naive integral model of the unitary group U(y, /i), where V = L ®a such that for 
any commutative ^-algebra R, 

G^{R) = AutB^ML R, h (^A R)- 

Let G be the smooth group scheme model of U(y, h) such that 

G{R) = G'iR) 

for any etale A-algebra R. Notice that G is uniquely determined with these properties by Propo- 
sition 3.7 in [6j. For a detailed exposition of the relation between the local density of (L, h) and 
G, see Section 3 of [6]. 

In this section, we give an explicit construction of the smooth integral model G when E/F 
satisfies Case 1. The construction of G is based on that of Section 5 in [6j and Section 3 in [2]. 
Let K = kniB^AA{L,h) C Resx/FGLx(^)(-F), and K = Aut^^^^sh(-L (g)^ A*'^, /i), where n is 
the dimension of ^ as a i?-vector space and A'^^ is the strict henselization of A. To ease the 
notation, we say g G K stabilizes a lattice M CV ii g{M ®a A''^) = M ®a A""^. 
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3.1. Main construction. In this subsection, we observe properties of elements of K and their 
matrix interpretation. We choose a Jordan sphtting L = Li and a basis of L as explained in 
Theorem 2.8 and Remark 2. 3. a). Let g be an element of K. 

(1) First of all, g stabilizes ylj's for every integer i. We interpret this fact in terms of matrices. 
Let rii = ranks Li, and n = rank^L = ^ rij. Assume that rij = unless < i < N . We 
always divide an (n x n)-matrix g into (N x A^)-blocks such that the (i,j)-block is of size 
rii X rij. (For simplicity, (O,0)-block is (l,l)-block in the usual sense.) The fact that g 
stabilizes Ai's for every integer i means that the (i, j)-block has entries in 7i-"*«^{0,j- 
From now on, we write 



(2) g stabilizes Ai,Bi,Wi,Xi and induces the identity on Ai/Bi and Wj/Xj. 
We also interpret these facts in terms of matrices as described below: 

a) If i is odd, then Ai = Bi and Wj = and so there is no contribution. Hence, we 
assume that i is even for now. 

b) If Li is of type P, the diagonal {i, i)-block gi^i is of the form 



3.2. Construction of M*. We define a functor from the category of commutative fiat A-algebras 
to the category of monoids as follows. For any commutative fiat A-algebra R, set 





where Si is an (nj — 1) x (nj — 1)— matrix, etc. 

If Li is of type F, the diagonal (i,i)-block gi^i is of the form 



^ Si Vi TTti ^ 

TVyi l + TTXi TTZi eGLn.{B^'^), 
\Vi Ui 1 + TTWi J 



where Si is an [rii — 2) x [rii — 2)— matrix, etc. 



M{R) C {m G Ends®^R(L ®^ R)} 



with the following conditions: 



(1) m stabilizes Ai (g)^ R, Bi (g)A R, Wi R, Xi (g)^ R for all i. 

(2) m induces the identity on Ai (g)^ R/Bi (g)^ R, Wi (g^ R/Xi (g^ R for all i. 
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Then, by Lemma 3.1 of [2], the functor M is representable by a unique flat A-algebra A(M) 
which is a polynomial ring over A of 2n^ variables. Moreover, it is easy to see that M has the 
structure of a scheme of monoids by showing that M_{R) is closed under multiplication. 

We stress that the above description of M_{R), the set of i?-points on the scheme M_, is no 
longer true when i? is a K-algebra. Now suppose that R is a K-algebra. By choosing a basis for 
L as in Section 3.1, we describe each element oi M_{R) formally as a matrix ^2"^"^^'^'-'^*^mj , 
where rriij is an (nj x ?ij)-matrix with entries in R as described in Section 3.1. To multiply {rrii^j) 
and (m'-j), we refer to the description of Section 5.3 in [6]. 

For any commutative ^-algebra R, set 

M*{R) = {m£ M{R) : m"^ G M{R)}. 

Then M_* is represented by a group scheme M_* and M* is an open subscheme of M, with generic 
fiber M* = Resx/FGLx(^), and M_* is smooth over A. The proof of this is similar to Section 
3.2 in [2j and so we will omit it. 

Remark 3.1. We give another description for the functor M. Let us define a functor from the 
category of commutative flat ^-algebras to the category of rings as follows: 
For any commutative flat ^-algebra R, set 

M'(i?) C {m G EndB^ML R)} 

with the following conditions: 

(1) m stabihzes Ai (g)^ R, Bi ®a R, Wi 0a R, Xi ®a R for all i. 

(2) m maps Ai ®a R, Wi <^a R into Bi i^a R, Xi (Si a R, respectively. 

Then the functor M_ is the same as the functor 1 + M', where (1 + M_'){R) = {1 + m : m G 
M'(i?)}. 

3.3. Construction of Recall that the pair (L, h) is fixed throughout this paper and the 
lattices Ai, Bi, Wi, Xi only depend on the hermitian pair [L,h). For any flat A-algebra R, let 
H_{R) be the set of hermitian forms / on L0aR (with values in B^aR) such that s{L, f) C s{L, h) 
and / satisfies the following conditions: 

a) /(L (g)A R, Ai (^A R) C tt'B (g)A R for all i. 

b) Assume that i = 2m is even. Then Bi ®a R/i^Ai ®a R is contained in the kernel of the 
additive polynomial x i— )• ^f{x, x) mod 2 on Ai 0a R/T^Ai ®a R- 
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c) Assume Bi ^ Ai and i = 2m is even. We have seen the existence of the unique vector 
e G Ai/Xi such that { ^^,^^^^^^ h{v,e))'^ = (^^.^^^^^n^ h{v, v) mod vr for every vector v G 
Ai/Xi in Section 2.3. Then e (g) 1 G <^a R/Xi 0^ R also satisfies tlic condition that 
( (^.^('^)),n /(t', e (g) 1))^ = v) mod vr for every vector v G Aj Cg)^ R/Xi ®a R- 

d) Let i = 2m. f{ai,ai) mod 2 = (^.^('^^^^ /i-(Qi, q^) mod 2, where G (gi^ R. 

e) Let i = 2m. j;;^:^^^ f{wi,Wi) - ^^^,J^^-^-^m h{wi,Wi) G (2), where Wi G ®a R- 

f) Let i = 2m. ^f{ai,Wi) = ^h{ai,Wi) mod vr, where G Ai ^a R and G Wi ^a R- 

We interpret the above conditions in terms of matrices. For a flat A-algebra R, H.{R) is the 
set of hermitian matrices 

of size n X n satisfying the following: 

(1) fij is an (rii x nj)-matrix with entries in B (g^ R. 

(2) If i is even and Lj is of type P, then /j^j is of the form 

/ ai nbi \ 

\a{-K'-bi) l + 2cj' 

Here, the diagonal entries of Oj are = mod 2, where is an (n^ — 1) x (n^ — l)-matrix, 
etc. 

(3) If i is even and Lj is o/ i?/pe i^, then /j^j is of the form 

/ di % TTCi ^ 

a{bi) 1 + 2aj 1 + vrcj • 
\a(7r-*ei) a(l + ttq) 2/^ / 

Here, the diagonal entries of di are = mod 2, where di is an (n^ — 2) x (n^ — 2)-matrix, 
etc. 

(4) Assume that Lj is of type II. The diagonal entries of fi^i (resp. 7r/j,j) are mod 2 if i is 
even (resp. odd). 

It is easy to see that is represented by a fiat A-scheme which is isomorphic to an affine space 
of dimension 2n^ — dim \J{V, h). Note that our fixed hermitian form h is an element of 11(A). 



3.4. Smooth afHne group scheme G. 
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Theorem 3.2. For any flat A-algrhra R, the group M*(R) acts on the right of H_{R) by fom = 
ai^m) ■ f ■ m. Then this action is represented by an action morphism 

HxM* — > H. 

The proof of this theorem is similar to that of Theorem 3.4 in [2j and so we wih omit it. 

Theorem 3.3. Let p be the morphism M * — )■ H_ defined by p(m) = ho m. Then p is smooth of 
relative dimension dim \]{y,h). 

Proof. The theorem follows from Theorem 5.5 in [6] and the following lemma. □ 

Lemma 3.4. The morphism p^K : M*®k — )• H_0k is smooth of relative dimension dim \J{V, h). 

Proof. Define T^i^R) to be the set of all (n x n)-matrices y over R <Eia B with the following 
conditions: 

a) The (i, j)-block yij of y has entries in 7r'""^(*j)i? (g)^ R so that 

y = (^T^max{i,j)y_ 

Here, the size of y^j- is rij x Uj. 

b) If Li is of type P, yi^i is of the form 



G M^.{R(S,aB) 



/ Si Tiyi 

\T:Vi -KZi ) 

where Si is an (rij — 1) x (rij — 1) matrix, etc. 
c) If Li is of type P, yi^i is of the form 

/ Si ri 7rti\ 

\irVi TTUi TTWi j 

where Si is an (nj — 2) x (rij — 2)-matrix, etc. 

It is easy to see that the functor T3 is represented by a flat ^-scheme. 

With the functor Ts, the rest of the proof is similar to that of Lemma 3.6 in [2] so we will omit 

it. 

□ 

Let G_ be the stabilizer of h in M*. It is an affine group subscheme of M*, defined over A. 
Thus we have the following theorem. 
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Theorem 3.5. The group scheme G is smooth, and G{R) = AutB,g,^/j(L (g)^ R, h) for any etale 
A-algebra R. 

4. The special fiber G in Case 1 

In this section, we will determine the structure of the special fiber G of G by observing the 
maximal reductive quotient and the component group when E/F satisfies Case 1, based on 
Section 4 of [2j. From this section to the end, the identity matrix is denoted by id. 

4.1. The reductive quotient of the special fiber. Assume that i is even. Recall that Yi is 
the sublattice of Bi such that Yi/vrAj is the kernel of the alternating bilinear form — -h mod 

(7r-o-(7r))^ 

vr on Bi/irAi. Let hi denote the nonsingular alternating bilinear form — -h mod vr on Bi/Yi. 

It is obvious that each element of G{R) fixes hi for every flat ^-algebra R. Based on this, we 
have a morphism of algebraic groups 

ipi:G^Sp{Bi/Y„h.i) 

defined over k. The dimension oi Bi/Yi vector space is as follows: 

Ui if Li is of type II; 

< rii-l if Li is of type F; 
Ui — 2 if Li is of type F. 

We next assume that i = 2m — 1 is odd. Recall that Zi is the sublattice of Ai such that Zi/nAi 
is the kernel of the quadratic form mod 2 on Ai/irAi, where ^q{x) = ^h{x,x). Let qi 
denote the nonsingular quadratic form ^^q mod 2 on Ai/Zi. It is also obvious that each element 
of G(R) fixes (ji for every flat A-algebra R. Based on this, we have a morphism of algebraic 
groups 

defined over k, where 0{Ai/ Zi^qiY'^'^ is the reduced subgroup scheme of 0{Ai/Zi, qi). Notice that 
if the dimension of Ai/Zi is even and positive, then 0(Aj/Zj, qj)'''^*^(= 0{Ai/Zi,qi)) is discon- 
nected. In addition, the dimension of Ai/Zi as a K-vector space is rij (resp. rii + 1) if Lj is free 
(resp. bound). The integer rii with i odd is always even. 

Theorem 4.1. The morphism ip defined by 

^ = ll^r-G ^ H Sp{Bi/Yi, hi) X H 0{Ai/Z,, qi)''^'^ 

i i.even i.odd 
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is surjective. 

Proof. Assume that dimension of G = dimension of Ker (p + J2veyen (dimension of Sp{Bi/Yi, hi)) 
+ X^j-odd (dimension of 0{Ai/Zi,qi)^^'^). Thus Im (p contains the identity component of 
Ili:even^P(^i/^i^^i) ^ Hi-.odd^i^i/^i' ^iY^'^ ■ ^ere Ker (f denotes the kernel of (p and Im ip de- 
notes the image of (p. 

Recall that a matrix form of an element of G{R) for a K-algebra R is 

Let v. be the set of odd integer z's such that 0{Ai/Zi,qi)^'^'^ is disconnected. Notice that 
0{Ai/Zi,qiy'^'^ is disconnected exactly when Lj with i odd is free. For such a lattice Li, we 
define the closed subgroup scheme Hi of G by the equations mj^k = if j / /c, and nijj = id if 
j i. The group scheme Hi is isomorphic to the special fiber of the smooth affine group scheme 
model of the unitary group associated to the hermitian lattice Lj. Moreover, it is easily seen that 
(pi is surjective from Hi to 0{Ai/ Zi^qif^'^ and that Zi = Xi. Consider the morphism 

l[Hi^G, 

{hi)ieH '"^ riieH Note that Hi and Hj commute with each other in the sense that hi-hj = hj-hi 
for all i j, where hi G Hi{R) and hj G Hj{R) for a K-algebra R. Thus the product HieK 
embedded into G as a closed subgroup scheme. Since ipilHj is trivial for all i ^ j, the morphism 

llipi:llHi-^l[0{Ai/Zi,qi) 

is surjective. Therefore, Lp is surjective. Now it suffices to establish the assumption made at the 
beginning of the proof, which is the next lemma. □ 

Lemma 4.2. Ker (p is smooth and unipotent of dimension I. In addition, the number of connected 
components of Ker ip is2f}. Here, 

• I is such that I + X^j.gven (dimension of Sp{Bi/Yi, hi) ) + Ylii-oAA (dimension of 0{Ai/Zi, qi) 
= dimension of G. 

• P is the size of the set of even integer j 's such that Lj is of type I and Lj^2 is of type H. 
The proof is postponed to the Appendix A. 
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Remark 4.3. We describe Im ipi as follows. 



Type of lattice Lj and i 


Im (fii 


11, i : even 




P, i : even 


Sp(nj - 1, hi) 


F, i : even 


Sp(ni - 2, hi) 


free, i : odd 


0{ni,qi) 


bound, i : odd 


SO{ni + l,qi) 



4.2. The construction of component groups. The purpose of this subsection is to define the 
surjective morphism from G to (Z/2Z)'^, where /3 is defined in Lemma 4.2. 

Definition 4.4. We define the lattice which is the sublattice of L such that h{L^,L) G (tt). 
Similarly we define the lattice which is the sublattice of L''"^ such that h{L'', U~^) G (tt*). For 
simplicity, put 

= L = Lj, < ? < iV. 

i>0 

The description of U, when i = 2m is even, is 

l2rn ^ T^^i^L^ Q Q Tt"'''^ {L2 ® L3) ® ■ ■ ■ ® Tr{L2m-2 Lim-l) © Li. 

i>2m 

We choose a Jordan splitting for a hermitian lattice (L^™, ^^.^(^^^•jm h) as follows: 

i^'"^ = 0M,, 

i>0 

where 

Mo = TT^'Lq e Tr"'~^L2 © • • • © 7rL2m-2 © L2m, 

Ml = tt'^Li e tt'^~^Ls e • • • e 7rL2m-l © L2m+1 
and Mfc = L2m+k H k>2. 

Here, Mj is 7r*-modular. 

Definition 4.5. We define C{L) to be the sublattice of L such that 

C(L) = {xeL \ h{x,y) G (tt) for all y G S(L)}. 
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We choose any even integer j such that Lj is of type I and is of type II, and consider a 

Jordan sphtting ®j>o-Mj associated to U . We stress that Mq is of type / and M2 = Lj+2 is of 
type II. Clioosc a basis ((ej),e) (rcsp. ((e.j),a,e)) for Mq based on Theorem 2.8 when the rank 
of Mq is odd (resp. even). Then B{U) is spanned by 

((ej),7re) {resp. ((e^), 7ra, e)) and Mi (0 Mj) 

and C{U) is spanned by 

((7rei),e) {resp. ((Trej), tto, e)) and Mi (0Mj). 

i>2 

We now construct a morphism "tpj : G ^ 'L/2'L as follows (There are 2 cases depending on 
whether Mq is 0/ type F or 0/ iype P.): 

1. Firstly, we assume that Mq is 0/ iype F. We choose a Jordan splitting for the hermitian 
lattice {C{U), h) as follows: 

c(l^) = 0m;. 

i>i 

Notice that Mg is of type II so that M[ is /ree. Let Gj denote the special fiber of the smooth affine 
group scheme associated to the hermitian lattice {G{lJ), (^.g.(^^))m We now have a morphism 
from G to Gj. Moreover, since M[ is free, we have a morphism from Gj to the even orthogonal 
group associated to M( as explained in Section 4.1. Thus, the Dickson invariant of this orthogonal 
group induces the morphism 

V'j : G — > Z/2Z. 

2. We next assume that Mq is of type P. We choose a Jordan splitting for the hermitian lattice 
{C{lJ), (^.^(^^))^ h) as follows: 

C(L^) = 0M/. 

i>0 

Notice that the rank of the Tr'^-modular lattice Mq is 1 and the lattice M2 is of type II. If Gj 
denotes the special fiber of the smooth affine group scheme associated to the hermitian lattice 
{C{lJ), (^.^.(t))"^ ^)' ^Si^ve a morphism from G to Gj. 

We now consider the new hermitian lattice Mq C{lJ). The smooth affine group scheme 
associated to the hermitian lattice {C{lJ), ^) embedded into the smooth affine 
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group scheme associated to the hermitian lattice Mq(B C{U) as a closed subgroup scheme. Thus 
the special fiber Gj of the former group scheme is embedded into the special fiber of the latter 
group scheme. Since the vrO-modular lattice is of type F, where (M^ M^) 0.>-^ 
is a Jordan splitting of the hermitian lattice Mq C{L^), we have a morphism from the special 
fiber of the latter group scheme to Z/2Z as constructed in the first case. It induces the morphism 

^pj -.G — > Z/2Z. 

3. Combining all cases, we have the morphism 

i; = ll^Pj:G^{Z/2Zf, 

j 

where /3 is the size of the set of even integer j's such that Lj is of type I and is of type II. 
We now have the following result. 

Theorem 4.6. The morphism 

^ = Y[^. :G ^ (Z/2Z)^ 

is surj active. 

Moreover, the morphism 

^ X V : G ^ n MB^/Yi,h,) X J] 0(Ai/Z,,^i)'-^^ x {Z/2Zf 

iieven iiodd 

is also surjective. 

Proof. We first show that ipj is surjective. Recall that for such an even integer j, Lj is of type 
I and Lj^2 is of type II. Notice that we define the closed subgroup scheme Fj of G in the proof 
of Lemma 9.7 of Appendix A. Based on the description of the Dickson invariant explained in 
Remark 4.4 of P], it is easily seen that ipj induces a surjective morphism from Fj to Z/2Z. 
The rest of the proof is similar to that of Theorem 4.6 in ^ and so we will omit it. 

□ 

4.3. The maximal reductive quotient of G. We finally have the structural theorem for the 
algebraic group G. 

Theorem 4.7. The morphism 

ifxi^-.G^ II Sp{B,/Yi,h,) X J] 0{Ai/Zi,qiy'^ X {Z/2Zf 

iieven i:odd 
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is surjective and the kernel is unipotent and connected. Consequently, 

i:even i:odd 

is the maximal reductive quotient. 

Proof. We only need to prove that the kernel is unipotent and connected. The kernel of 99 is a 
closed subgroup scheme of the unipotent group which is defined in Lemma 9.2 of Appendix 
A and so it suffices to show that the kernel of 99 x is connected. Equivalently, it sufhces to show 
that the kernel of the restricted morphism V'iKer is connected. From Lemma 4.2, the number 
of connected components of Ker 99 is 2/3. Since the restricted morphism V'Iker <p is surjective onto 
(Z/2Z)^, we complete the proof by counting the number of connected components. □ 

5. Comparison of volume forms and final formulas in Case 1 

This section is based on Section 7 of [6j. In the construction of Section 3.2 of [6], pick and 
uj'fj to be such that 

Jm{A) Jh{A) 
Put uj^^'^ = oj\.j / p* uj'fj . By Theorem 3.3, we have an exact sequence of locally free sheaves on 
M*: 

> p*^H/A ^ ^M*/A ^ ^M*/H > 0. 

It follows that uj'^'^^ is of the type discussed in Section 3 of [6]. 
Lemma 5.1. Recall that 2 is a uniformizer of A. Then 

= 2^"u;^Vf, Nm= Y1 {2ni-l)+^{j -i)-ni-nj, 

i:even and Liitype I i<j 
i:even and Liitype I i<j i:even i.odd i 

Here, di = i ■ Ui ■ {ui — l)/2. 

Theorem 5.2. Let f he the cardinality of k. The local density of (L,h) is 



/3l = f"" ■ f-"'"" u(^''^)ttG(^), 
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where 

N = Nh - Nm = ■ rii ■ Uj + ^ ^^-^ ' + • n, + ^ - ^ n,. 

i<j i:even i:odd i i: even and Li -.type I 

Remark 5.3. (1) In the above local density formula, '^G{k,) is computed as follows. We 
denote by RuG the unipotent radical of G so that the maximal reductive quotient of G 
is G/RuG. That is, there is the following exact sequence of group schemes over k: 

1 RuG -^G^ G/RuG 1. 

Furthermore, the following sequence of groups 

1 RuG{k) G{k) {G/RuG){k) 1. 

is also exact by Lemma 9.1. If m is the dimension of RuG, then '^RuG{k) is Z™". Fur- 
thermore, since the dimension of G is with n = rank^L, the dimension of RuG can be 
computed explicitly based on Theorem 4.7. In addition, the order of an orthogonal group 
or a symplectic group defined over a finite field is well known. Thus, one can compute 
^{G/RuG){k) explicitly based on Theorem 4.7. Finally, the order of the group G{k) is 
identified as follows: 

= muG{K) ■ ^{G/RuG){k). 

(2) As in Remark 7.4 of [6J, although we have assumed that = for i < 0, it is easy to 
check that the formula in the preceding theorem remains true without this assumption. 

6. The construction of the smooth model G in Case 2 

We start with introducing the symbol 5j according to the type of Lj. We keep this throughout 
this paper. 

^ _ f 1 if is of type /; 
[ if Lj is of type II. 
In this section, we give an explicit construction of the smooth integral model G when E/F 
satisfies Case 2. The construction of G is based on that of Section 5 in [6j and Section 3 in [2] . 
Let K = AutB^AAiL,h) C ResK/FGLK{V){F), and K = Aut^^^^sh(-L (g)^ A*'^, /i), where n is 
the dimension of ^ as a i?-vector space and A^^ is the strict henselization of A. To ease the 
notation, we say g G K stabilizes a lattice M CV ii g{M ®a A''^) = M ®a A""^. 
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6.1. Main construction. In this subsection, we observe properties of elements of K and their 
matrix interpretation. We choose a Jordan sphtting L = Li and a basis of L as explained in 
Theorem 2.8 and Remark 2. 3. a). Let g be an element of K. 

(1) First of all, g stabilizes Aj's for every integer i. We interpret this fact in terms of matrices. 
Let rii = rankfii^i, and n = rank^L = ^ rij. Assume that nj = unless < i < A^. We 
always divide an (n x n)-matrix g into (N x A)-blocks such that the (i,j)-block is of size 
rii X rij. (For simplicity, (O,0)-block is (l,l)-block in the usual sense.) The fact that g 
stabilizes Ai^s for every integer i means that the (i, j)-block has entries in 7i-'"«3;{0,j- 
From now on, we write 



(2) Let i be even, g stabilizes Ai,Bi,Wi,Xi and induces the identity on Ai/Bi and W^/Xj. 
We also interpret these facts in terms of matrices as described below: 
a) If Li is of type P, the diagonal (i,z)-block gi^i is of the form 



where Sj is an (nj — 2) x (nj — 2)— matrix, etc. 

(3) Assume that i = 2m is even and that Lj is of type L g stabilizes Zi and induces the 
identity on Wj/(Xj fl Z^). To prove the latter, we choose an element w in Wj. It suffices 
to show that gw — w e XiCi Zi. By (2), it suffices to show that gw — w e Zi. This follows 
from the computation: 



5 • ^q{gw -w) = 5(2 ■ ^q{w) - ^{h{gw,w) + h{w,gw))) = ^{q{w) - ^{h{w + 





where Si is an (rii — 1) x (nj — 1)— matrix, etc. 
b) If Lj is of type F, the diagonal (i,i)-block gi^i is of the form 



^ Si n TTti ^ 

■Kyi l + TTXi TTZi eGLn.{B^'^), 
\Vi Ui 1 + -KWi J 



X, w) + h{w, w + x))) = 2^ ■ ^{h{x, w) + h{w, x)) = mod 2, where gw = w + x for some 
X G Xi. Recall that ^q{w) = ^h{w,w). 
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In terms of matrices, we have the fohowing: 



Here, 

a) Zi is an entry of gi^i as described in Step (2). 

b) ki-2^i (resp. ki+2,i) is the (ni_2, ni)*'*-entry (resp. (ni+2, ««)*'*-entry) of the matrix 
gi-2,i (resp. gi+2,i) if (resp. ^,+2) is of type P. 

c) ki-2,i (resp. ki+2,i) is the (ni_2 - 1, ni)*'*-entry (resp. (71^+2 - 1, ni)*'*-entry) of the 
matrix gi-2,i (resp. gi+2,i) if (resp. Lj+2) is of type F. 

(4) Assume that i is odd. 5 induces the identity on Ai/Bi. 

To interpret this as a matrix, we consider the following (1 x ni)-matrix: 



[ 6i-iVi-i ■ gi-i^i + di+m+i ■ 9i+i,i if ^ is bound of type I. 
Here, 

a) Vi = {0, ■ ■ ■ , 0, 1) of size 1 x rij and Id„- is the identity matrix of size r;,,- x n,-. 

b) Wj-i = (0, • • • , 0, 1) (resp. Vi-i = (0, • • • , 0, 1, 0)) of size 1 x n^-i if Lj_i is of type P 
(resp. 0/ type F). 

c) Vj+i = (0, • • • , 0, 1) (resp. Vi+i = (0, • • • , 0, 1, 0)) of size 1 x Ui+i if Lj+i is of type P 
(resp. of type F). 

Then each entry of the above matrix lies in the prime ideal (tt). 

(5) Assume that i is odd. The fact that g induces the identity on Ai/Bi is equivalent to the 
fact that g induces the identity on B^ /A^. 

We give another description of this condition. Since the space V has a non-degenerate 
bilinear form /i, V can be identified with its own dual. Wc define the adjoint g* charac- 
terized by h{gv,w) = h{v,g*w). Then the fact that g induces the identity on B^/Aj- is 
the same as the fact that g* induces the identity on Ai/Bi. 

In terms of matrices, we consider the following (1 x ni)-matrix: 



Zi + Si-2ki-2,i + 6i+2ki+2,i e (tt). 




if Li is free of type /; 
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Here, 

a) Vi = (0, ■ ■ ■ , 0, 1, 0) of size 1 x nj and Id„j is the identity matrix of size x rij. 

b) Vi-i (resp. fj+i)= (0, • • • ,0, 1) of size 1 x nj_i (resp. 1 x nj+i). 

Then each entry of the above matrix hes in the prime ideal (vr). 



6.2. Construction of M*. We define a functor from the category of commutative flat ^-algebras 
to the category of monoids as follows. For any commutative flat j4-algebra R, set 

M{R) C{m£ EndB^ML ®A R)} 

with the following conditions: 

(1) m stabihzes Ai R, Bi ®a R, Wi 0a R, Xi 0a R, Zi 0)a R for ah i. 

(2) in induces the identity on Ai 0a R/B-i 0a R for all i. 

(3) m induces the identity on Wi 0a R/iXi n Zi) 0a R for all even integer i. 

(4) m induces the identity on B^- 0a R/Af- 0a R for all odd integer i. 

Then, by Lemma 3.1 of [2j, the functor M is representable by a unique flat A-algebra A(M) 
which is a polynomial ring over A of 2n^ variables, and M has the structure of a scheme of 
monoids by showing that M_{R) is closed under multiplication. 

We stress that the above description of M_{R), the set of i?-points on the scheme M, is no 
longer true when i? is a K-algebra. Now suppose that i? is a K-algebra. By choosing a basis for 
L as in Section 6.1, we describe each element oi M_{R) formally as a matrix ^2"^"^^'^'-'~*^mjj^ , 
where mjj- is an (nj x nj)-matrix with entries in R as described in Section 3.1. To multiply {rriij) 
and (m'^j), we refer to the description of Section 5.3 in [6J. 

For any commutative ^-algebra R, set 

M*{R) = {m£ M{R) : m'^ £ M{R)}. 

Then M_* is represented by a group scheme M_* and M* is an open subscheme of M, with generic 
fiber M* = Resx/FGLx(^), and M * is smooth over A. The proof of this is similar to Section 
3.2 in [2] so we will omit it. 

Remark 6.1. We give another description for the functor M. Let us define a functor from the 
category of commutative flat ^-algebras to the category of rings as follows: 
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For any commutative flat A-algebra R, set 

M'(i?) C {m G EndB^ML R)} 

with the following conditions: 

(1) m stabilizes Ai (g)^ R, Bi ®a R, Wi R, Xi ®a R, Zi (g)^ R for all i. 

(2) m maps Ai 'S)a R into Bi (g)^ R for all i. 

(3) m maps Wi (g^ into (Xj n Zi) (g)^ for all even integer i. 

(4) m maps (g^ i? into Af- (g^ i? for all odd integer i. 

Then the functor M is the same as the functor 1 + M', where (1 + M_'){R) = {1 + m : m G 

M!{R)}- 

6.3. Construction of I^. Recall that the pair (L, h) is fixed throughout this paper and the 
lattices Ai, Bi, Wi, Xi, Zi only depend on the hermitian pair {L,h). For any flat A-algebra 
R, let H_{R) be the set of hermitian forms f on L ®a R (with values in B ®a R) such that 
s{L, /) C s{L, h) and / satisfies the following conditions: 

a) f{L ®A R, Ai (^A R) C TT^B (gA R for all i. 

b) Let i = 2m or i = 2m — 1. Then Bi f^A R/nAi ®a R is contained in the kernel of the 
additive polynomial x i— > ^f(x, x) mod 2 on Ai 0a R/t^Ai ®a R- 

c) Assume Bi ^ Ai and i = 2m is even. We have seen the existence of the unique vector 
e G Ai/Xi such that i ^^,^^^-j^^ h(v,e))'^ = (^^.^^^^-^m h{v, v) mod vr for every vector v G 
Ai/Xi in Section 2.3. Then e (g) 1 G Aj <^a R/Xi <^a R also satisfies the condition that 
{ ^^.^l^)-^m, fiv, e (g 1))2 = j—^-^f(v, v) mod tt for every vector v e Ai0A R/Xi 0a R- 

d) Let i = 2m or i = 2m - 1. j^^:^^^ f {ai, ai) mod 2 = ^^.J^^))m h{ai,ai) mod 2, where 
aj G Ai ®A R- 

e) Let i = 2m. Zi ®a -R/vrAj (gi^ i? is contained in the kernel of the quadratic form ^ ■ ~f 
mod 2 on Bi ^a R/irAi ^a R- In addition, (^^.J^^))m f{wi,Wi) - (T,.J^T,))m h{wi,Wi) G (4), 
where Wi G Wi ®a R- 

f) Let i = 2m. ~f{ai, Wi) = -^h{ai,Wi) mod vr, where G Aj (g)yi R and u'i G VFj ®a R- 

g) If i is odd, then f{Bi, B^) G B and /(oj, 6^ - /j(oj, 6-) G 5, where Oj G Aj and 6- G -B^^. 

We interpret the above conditions in terms of matrices. We represent the given hermitian form 
/i by a hermitian matrix (tt* • /ij) with tt' • hi for the (i,z)-block and for remaining blocks. 
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For a flat vl-algebra R, H.iR) is the set of hermitian matrices 

of size n X n satisfying the following: 

(1) fij is an (rii x nj)-matrix with entries in B <S>a R- 

(2) If i is even and Li is of type P , then /j^j is of the form 

V(7(7r*-6i) e + 4cj' 

Here, the diagonal entries of are = mod 2, where is an (n^ — 1) x (n^ — l)-matrix, 
etc. 

(3) If i is even and Lj is o/ i?/pe i^, then /j^j is of the form 

^ di \ TTCi ^ 

a{bi) 1 + 2ai 1 + vrcj 
\cT(7r-*ei) a(l+7rci) 2b + AfiJ 

Here, the diagonal entries of are = mod 2, where c?j is an (n^ — 2) x (n^ — 2)-matrix, 
etc. 

(4) Assume that i is even and Li is o/ type IL The diagonal entries of fi^i are mod 2. 

(5) Assume that i is odd. The diagonal entries of vr/j^j — irhi are mod 4. 

(6) Assume that i is odd. Consider the following (1 x ni)-matrix: 

f (O,--- ,0,1,0) •/i,i + (0,--- ,0,1) if Li is free of type I; 

[ 5i-i{0, ■■■ , 0, 1) • fi-i^i + (5i+i(0, • • • , 0, 1) • if is bound of type L 

Then each entry of the above matrix lies in the ideal (tt). 



It is easy to sec that I£ is represented by a flat ^-scheme which is isomorphic to an affinc space 
of dimension 2n^ — dim \J{V, h). Note that our fixed hermitian form h is an element of H(A). 

6.4. Smooth affine group scheme G_. 

Theorem 6.2. For any flat A-algrbra R, the group M*(R) acts on the right of H_[R) by fom = 
ai^m) ■ f ■ m. Then this action is represented by an action morphism 

HxM* — > H. 
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The proof of this theorem is similar to that of Theorem 3.4 in ^ and so we will omit it. 

Theorem 6.3. Let p be the morphism M * — )• defined by p{m) = ho m. Then p is smooth of 
relative dimension dim \J{V,h). 

Proof. The theorem follows from Theorem 5.5 in [6] and the following lemma. □ 

Lemma 6.4. The morphism p0K : M*®k — >• H_0k is smooth of relative dimension dim \J{V, h). 

Proof. Define Tz{R) to be the set of all (n x n)-matrices y over R ®a B with the following 
conditions: 

(1) The (i, j)-block yij of y has entries in 7r™-'^^(*j)i? (g)^ R so that 



Here, the size of y^j- is rij x Uj. 
(2) a) If Li is of type P, yi^i is of the form 

y-KVi TTZi J 

where Si is an (rij — 1) x (nj — 1) matrix, etc. 
b) If Li is of type F, yi^i is of the form 



/ Si n 7rti\ 

Hi Xi TTWi 

\7rvi TTUi irzi j 



where Si is an (n^ — 2) x (nj — 2)-matrix, etc. 
(3) Assume that i is even and Li is of type L Then 

Zi + 6i-2h-2,i + 5i+2h+2,i G (tt). 

Here, 

a) Zi is the {ui x nj)*'^-entry of yi^i as described in Step (2) above. 

b) ki-2,i (resp. A;j_|_2,i) is the (nj_2 x nj)*''-entry (resp. (nj+2 x nj)*''-entry) of the matrix 
yi_2,i (resp. yi+2,i) if Li^2 (resp. Li+2) is of type L 
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(4) Assume that i is odd. Consider the foUowing (1 x nj)-matrix: 

Vi ■ Ui^i if Li is free of type 1; 

5i-iVi_i ■ yi_i^i + 5i+iVi+i ■ Vi+i^i if Li is hound of type L 

Here, 

a) Vi = {0, - ■ ■ , 0, 1, 0) of size 1 x nj. 

b) Vi-i (resp. Vi^i)= (0, • • • ,0, 1) of size 1 x nj_i (resp. 1 x nj+i). 
Then each entry of the above matrix hes in the prime ideal (vr). 

(5) Assume that i is odd. Consider the fohowing (1 x nj)-matrix: 

Vi ■ ^yi-i if Li is free of type /; 

5i-iVi-i ■ + 6i+iVi+i ■ if Li is bound of type L 

Here, Vi,Vi-i,Vi+i are as described in Step (4). Then each entry of the above matrix hes 
in the prime ideal (tt). 



It is easy to see that the functor T3 is represented by a flat j4-scheme. 

With the functor T3, the rest of the proof is similar to that of Lemma 3.6 in [2j so we will omit 

it. 

□ 

Let G be the stabilizer of h in M* . It is an affine group subscheme of M*, defined over A. 
Thus we have the following theorem. 

Theorem 6.5. The group scheme G is smooth, and G{R) = AutB®^_R(-^> (S^a R, h) for any etale 
A-algehra R. 

7. The special fiber G in Case 2 

In this section, we will determine the structure of the special fiber G of G by observing the 
maximal reductive quotient and the component group when E/F satisfies Case 2, based on 
Section 4 of Recall that the identity matrix is denoted by id. 
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7.1. The reductive quotient of the special fiber. Assume that i = 2m is even. Recall that 
Zi is the sublattice of Bi such that Zj/vrAj is the kernel of the quadratic form 2^+1 Q mod 2 on 
Bi/7rAi, where ^m+i = 2^^TTh{x,x). Let qi denote the nonsingular quadratic form ^r^+i Q 
mod 2 on Bi/Zi. It is also obvious that each element oi G(R) fixes qi for every flat A-algebra R. 
Based on this, we have a morphism of algebraic groups 

<Pi:G^O{Bi/Zi,qir'' 

defined over k, where 0{Bi/ Zi,qiY^ is the reduced subgroup scheme of 0{Bi/Zi,qi). The di- 
mension of Bi/Yi as a k- vector space is as follows: 

Ui-l if Li is of type F; 
' Hi if Li is of type P or free of type //; 

rij + 1 if Li is bound of type IL 

We next assume that i = 2m — 1 is odd. Recall that Yi is the sublattice Bi such that li/vrAj is 
the kernel of the alternating bilinear form ^ ■ (^.(j(J"))m-i (~; ~) mod tt on Sj/vrAj. Let hi denote 
the nonsingular alternating bilinear form ^ • ^.^J-j-jm-i (~i ~) mod vr on Bi/Yi. It is obvious that 
each clement of G{R) fixes hi for every fiat A-algebra R. Based on this fact, we have a morphism 
of algebraic groups 

ipi:G—^Sp{Bi/Yi,hi) 
defined over k. The dimension of Bi/Yi as a k- vector space is as follows: 

rii if Li is of type II or is bound of type I; 

Hi — 2 if Li is free of type I. 

Theorem 7.1. The morphism ip defined by 

^ = JJ^.,G ^ H 0{Bi/Zi, qiy^" X J] SpiBi/Yi, hi) 
i v.even i:odd 

is surjective. 

Proof. Assume that dimension of G = dimension of Ker cp + Yli-^dd (dimension of Sp{Bi/Yi, hi)) 
+ X^j.gygjj (dimension of 0{Bi/ Zi^qiY^'^). Thus Im 99 contains the identity component of the 
product of Wi-odd ^]?{Bi/Yi, hi) x nj:ei;en 0{Bi/Zi, qi)'^^'^. Here Ker (p denotes the kernel of (p and 
Im (p denotes the image of ip. 

Recall that a matrix form of an element of G{R) for a K-algebra R is 
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Let T-L be the set of even integer i's such that 0{Bi/Zi,qi) is disconnected. Notice that 
0{Bi/ Zi^qif^'^ is disconnected exactly when Lj with i even is free of type II. For such a lat- 
tice Li, we define the closed subgroup scheme Hi of G by the equations rrijj^ = if j 7^ /c, and 
rrij^j = id if j 7^ i. The group scheme Hi is isomorphic to the special fiber of the smooth affine 
group scheme model of the unitary group associated to the herniitian lattice Lj. Moreover, it 
is easily seen that Lpi is surjective from Hi to 0{Bi/Zi,qiy'^'^ and that Bi = Ai, Zi = Xj. Note 
that Hi and Hj commute with each other in the sense that hi ■ hj = hj ■ hi for all i ^ j, where 
hi £ Hi{R) and hj € Hj{R) for a K-algebra R. Thus the product rijeK embedded into G 

as a closed subgroup scheme. Since filHj is trivial for all i / j, the morphism 



is surjective. Therefore, (p is surjective. Now it suffices to establish the assumption made at the 



Lemma 7.2. Ker (p is smooth and unipotent of dimension I. In addition, the number of connected 
components o/Ker ip is 2/3. Here, 

• I is such that I + X^j.^dd (dimension of Sp{Bi/Yi, hi)) + J2i:e\en (dimension of 0{Bi/Zi,qi) 
= dimension of G. 

• P is the size of the finite set B, where B is the set of an integer j such that Lj is of type I 
and Lj^2, Lj+3, Lj+4: (resp. Lj^i, Lj^^i, Lj^2, Lj+s) o,re of type II if j is even (resp. odd). 

The proof is postponed to the Appendix B. 

Remark 7.3. We describe Im ipi as follows. 



]\^i:]\Hi^]\0{Bi/Zi,q^ 



beginning of the proof, which is the next lemma. 



□ 



Type of lattice Lj and i 



Im (fi 



II, free, i : even 
II, bound, i : even 
P, i : even 
F, i : even 
II, i : odd 
I, bound, i : odd 
I, free, i : odd 



0{ni,qi) 
SO(raj + l,qi) 

SO{ni,qi) 
SOini-l,qi) 

Sp(ni, hi) 

Sp(nj, hi) 
Sp(ni - 2, hi) 
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7.2. The construction of component groups. The purpose of this subsection is to define the 
surjective morphism from G to (Z/2Z)'^, where /3 is defined in Lemma 7.2. 

Recall that we have defined the sublatticcs L* and C{L) of L, and have chosen a Jordan splitting 
£^2m _ ^.^^ Mi, in Section 4.2. We choose any even integer j = 2m such that Lj is of type I and 
Lj_|_2, Lj^3, Lj^4 are of type II. We stress that Mq is of type I and AI2 = Lj+2i = Lj^^, M4 = 
-Lj_|_4 are of type II. Choose a basis ((cj), e) (resp. ((cj), a, e)) for Mq based on Theorem 2.8 when 
the rank of Mq is odd (resp. even). Then B{lJ) is spanned by 

((ei),7re) {resp. ((ej), 7ra, e)) and Mi (0Mj) 

i>2 

and C{lJ) is spanned by 

((7rei),e) (resp. ((Trci), 7ra, e)) and Mi ® (0Mi). 

We now construct a morphism : G ^ Z/2Z as follows (There are 2 cases depending on 
whether Mq is of type F or of type P.): 

1. Firstly, we assume that Mq is of type F. We choose a Jordan splitting for the hermitian 
lattice {C{U), ^^.J^^^^m h) as follows: 

C{V) = ®Mi. 

i>l 

Notice that M[ is free of type I and M2 , M3 , M4 are of type II. Then consider the sublattice 
Y{C{L^)) of C{U) and choose a Jordan splitting for the hermitian lattice {Y{C{U)), (7r.o-(7r))'"+i ^) 
as follows: 

y(C(L^)) = 0Mf. 

Notice that Mq is /ree of type II. Let denote the special fiber of the smooth affine group 
scheme associated to the hermitian lattice {Y{C{lJ)), f^^^^^^-^-^^+i h). We now have a morphism 
from G to Gj. Moreover, since Mq is free of type II, we have a morphism from Gj to the even 
orthogonal group associated to Mq as explained in Section 7.1. Thus, the Dickson invariant of 
this orthogonal group induces the morphism 



ipj -.G — > Z/2Z. 
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2. We next assume that AIq is of type P . We choose a Jordan sphtting for the hermitian lattice 
('^(^^)' {-K-al-K))^ ^) ^ follows: 

c(l^) = 0m;. 

i>0 

Notice that the rank of the 7r°-modular lattice Mq is 1 and the lattice M2,M^,M^ are of type 
II. If Gj denotes the special fiber of the smooth affine group scheme associated to the hermitian 
lattice {C{lJ), ^^.^^"'^■j-^^ h), we have a morphism from G to Gj. 

We now consider the new hermitian lattice Mq © C{lJ). The smooth affine group scheme 
associated to the hermitian lattice {C{lJ), j.^.^^^^-^-^^ h) can be embedded into the smooth affine 
group scheme associated to the hermitian lattice Mq © C{lJ) as a closed subgroup scheme. Thus 
the special fiber Gj of the former group scheme is embedded into the special fiber of the latter 
group scheme. Since the 7r°-modular lattice Mq © Mq is of type F, where (Mq © Mq) © 0j>i M- 
is a Jordan splitting of the hermitian lattice Mq © C{lJ), we have a morphism from the special 
fiber of the latter group scheme to Z/2Z as constructed in the first case. It induces the morphism 

ipj -.G — > Z/2Z. 

3. Choose any odd integer j such that Lj is of type I and Lj+i, Lj+2j ^j+3 are of type 
II. Consider the sublattice L^~^ of L and a Jordan splitting lJ~^ = 0j>Q Mj. We stress that Mi 
is of type I and M2 = Lj+i, M3 = -Lj+2, M4 = are of type II. Assume that Mq is of type II. 
Choose a Jordan splitting C(L^~^) = 0j>iM/. Then M[ is free of type I and M^,M^,M^ are 
of type II. For such a lattice, we have constructed the desired morphism in the first case. If Mq 
is of type I, this case is reduced to the first and the second cases. In conclusion, we construct the 
morphism 

i/jj-.G — > Z/2Z. 

4. Combining all cases, we have the morphism 

^ = Y[ipj:G^{Z/2Zf. 

j 

We now have the following result. 
Theorem 7.4. The morphism 

tP = Yli;j -.G ^ {Z/2Z)^ 
j 

is surjective. 
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Moreover, the morphism 

^ X V : G ^ n 0(Si/Z,,gi)-'i X II Sp(A/y„/i,) X (Z/2Z)^ 

i:even i:odd 

is also surjective. 

Proof. We first show that is surjective. Recall that we define the closed subgroup scheme Fj of 
G in the proof of Lemma 10.6 of Appendix B. Based on the description of the Dickson invariant 
explained in Remark 4.4 of |2j, it is easily seen that ijjj induces a surjective morphism from Fj to 
Z/2Z. 

The rest of the proof is similar to that of Theorem 4.6 in [2j and so we may will omit it. □ 

7.3. The maximal reductive quotient of G. We finally have the structural theorem for the 
algebraic group G. 

Theorem 7.5. The morphism 

X V : G ^ II 0{B,/Zi, q.Y'"' x J] Sv{Bi/Yu hi) x (Z/2Z)'3 

i:even i:odd 

is surjective and the kernel is unipotent and connected. Consequently, 

H 0{B,/Zi,qiY'''' X J] Sv{Bi/Yuhi) x (Z/2Z)^ 

i:even i.odd 

is the maximal reductive quotient. 

Proof. We only need to prove that the kernel is unipotent and connected. The kernel of is a 
closed subgroup scheme of the unipotent group which is defined in Lemma 10.1 of Appendix 
B and so it suffices to show that the kernel of (/? x -0 is connected. Equivalently, it suffices to show 
that the kernel of the restricted morphism i/'iKer ip is connected. From Lemma 7.2, the number 
of connected components of Ker ip is 2/3. Since the restricted morphism V'Iker if is surjective onto 
(Z/2Z)'^, we complete the proof by counting the number of connected components. □ 

8. Comparison of volume forms and final formulas in Case 2 

This section is based on Section 7 of [6j. In the construction of Section 3.2 of [6j, pick oj'^j and 
uj'^ to be such that 

/ = 1 and / \Jh\ = 1. 

Jm_{A) Jh{A) 
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Put uj'^^'^ = oj'j^,j / p* uj'^ . By Theorem 6.3, we have an exact sequence of locally free sheaves on 
M_*: 

> p*^H/A > ^M*/A > ^M*/H > 0. 

It follows that uj^^^ is of the type discussed in Section 3 of [6j. 
Lemma 8.1. Recall that 2 is a uniformizer of A. Then 

UJM = 2^^''^^'m^ = ^ ^rij + y^(j -i) -m- rij - a, 

Li-.type I i<j 

UJH = 2^^a;^, Nh = ^ rii + ■ m ■ nj + ^-t^ " + — ^ • + ^ - a, 

Li.type I i<j iieven i:odd i 

Here, 

• a is the total number of Li 's such that i is odd and Li is free of type L 

• di = i- ni- (ui- l)/2. 

Theorem 8.2. Let f be the cardinality of k. The local density of (L,h) is 
where 

N = Nh - Nm = ^i ■ Ui ■ Uj + ^ ^^-^ " + -Ui + ^di- ^ n^. 

i<j i:even i:odd i Li.type I 

Remark 8.3. (1) In the above local density formula, '^G{k) is computed as follows. We 
denote by RuG the unipotent radical of G so that the maximal reductive quotient of G 
is G/RuG. That is, there is the following exact sequence of group schemes over k: 

1 — y RuG — y G — y G/RuG — y 1. 

Furthermore, the following sequence of groups 

1 RuG{k) G{k) {G/RuG){k) 1. 

is also exact by Lemma 9.1. If m is the dimension of RuG, then '^RuG{k) is Z™. Fur- 
thermore, since the dimension of G is with n = rank^i^, the dimension of RuG can be 
computed explicitly based on Theorem 7.5. In addition, the order of an orthogonal group 
or a symplectic group defined over a finite field is well known. Thus, one can compute 
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'^{G / RuG){k) explicitly based on Theorem 7.5. Finally, the order of the group G{k) is 
identified as follows: 

0{K) = ^R^G{K)-miRuG){K). 

(2) As in Remark 7.4 of p], although we have assumed that = for i < 0, it is easy to 
check that the formula in the preceding theorem remains true without this assumption. 

9. Appendix A : The proof of Lemma 4.2 in Case 1 

The proof of Lemma 4.2 is based on Proposition 6.3.1 in [6j and Lemma 4.2 in [2]. For 
preparation, we state a series of lemmas. 

Lemma 9.1. (Lemma 6.3.3. in 

Let 1— T-X— T-y— T-Z— )•! he an exact sequence of group schemes that are locally of finite type 
over K, where k is a perfect field. Suppose that X is smooth, connected, and unipotent. Then 
1 —7- X{R) —7- Y[R) — )• Z[R) — 7- 1 zs exact for any K-algebra R. 

• Let M be the special fiber of M* . Let 

M - \ ^^B/-KB{Bi/Yi) ifi is even; 
\ GL5/^5(Ai/Xi) ifi is odd. 

For any K-algebra R, let m = (^^'"■^^^'^''^^mi^j^ G M{R). Assume that i is even. Let Si be a 
block of rui^i as explained in Section 3.1 if Li is of type /, and let Si = rm^i if Li is of type LL 
When i is odd, we set Si = rui^i. If we write Si = sj + vrs^, then sj S Mi{R). 
Therefore, we have a surjective morphism of algebraic groups 

r-.M^Hm, 

defined over k. We now have the following lemma: 

Lemma 9.2. The kernel of r is the unipotent radical of M, and WMi is the maximal 
reductive quotient of M . 

• The morphism (p is extended to the morphism 

: M ^ J] kni^{Bi/Yi) x J] AntMi/Zi) 

i:even i-.odd 

such that (p\q = It is obvious that Ker ip is a closed subgroup scheme of M"*" and is smooth 
and unipotent. 
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Recall that wc have defined M' such that 1 + M' is the same as M in Remark 3.1. Notice 
that M'(i?) is a i?/2i?-algebra for any K-algebra R. Therefore, we consider the subfunctor 
ttM' : R ^ 7rM'(i?) of M' /t and the subfunctor : i? 1 + 7rM' (R) of Ker (f. Then we 
have the following easy lemma. 

Lemma 9.3. (i) The functor is representable by a smooth, connected, unipotent group scheme 
over K. Moreover, is a closed normal subgroup o/Ker (p. 

(a) The quotient group scheme Ker (p/M^ represents the functor 



by Lemma 9. 1 and is smooth, connected, and unipotent. 

Let be a K-algebra. From the lemma, we describe the functors of points of the schemes M, 



respectively, where, si G M(„^_i)x(„^_i)(i? (resp. Sj G M^n^-2)x{n^-2){R ^ 

B/2B)), etc. In other cases, rrijj G Mmxn^iR ® B/2B). 
• Ker (p{R) is the subgroup of M{R) with the following setting: 

a) If i is even and Lj is of type /, set si = id mod vr. 

b) If i is even and Lj is of type II, set m.j..j = id mod vr. 

c) If i is odd, set rrii^i = id mod vr and 6i-iei-i ■ nii-i^i + ^j+iej+i • mj+i^j = mod tt. 



and Cj = (0, • • • , 0, 1) (resp. Cj = (0, • • • , 0, 1, 0)) of size 1 x nj if Lj is of type P 
(resp. of type F). 
• An element of Ker ip/M^{R) is 



R^Ker p>{R)/M^{R) 



Ker (p, and Ker (p/M^ as follows: 
• An element of M{R) is 




Here, if i is even and Lj is o/ iype or of type F, 






GROUP SCHEMES AND LOCAL DENSITIES OF RAMIFIED HERMITIAN LATTICES WHEN p = 2 35 

a) Assume that i is even and Li is of type I. Then a matrix form of rui^i is as described 
above such that Si G M(„_i)x(„,_i)(i?) (resp. Si G M(„_2)xK-2)(^)), etc., if Li is 
of type P (resp. of type F). In addition, 

(i) If i is even and Li is of type /, set Si = id. 

(ii) If i is even and Li is of type II, set mj^j = id. 

(iii) If i is odd, set nii^i = id and 5i_iei_i • rrii-i^i + (5j+iei+i • mj+i^j = 0. 
Here, (5j and Cj are as explained in the description of Ker (p{R). 

b) In other cases, mjj G M„-xnj(-R)- 

We remark that the above only describes the underlying schemes. The group law is to be inter- 
preted as Section 5.3 in [6]. 

• This paragraph is based on 6.3.6 in [6]. Recall that there is a closed immersion G — )• M. 
Notice that Ker ip is the kernel of the composition G — )• M — )■ M/Ker (p. We define as the 
kernel of the composition 

G^ M ^ M/M^. 

Then G^ is the kernel of the morphism Ker ip — >■ Ker p/M^ and, hence, is a closed normal 
subgroup of Ker p. The induced morphism Ker ip/G^ — )• Ker p/M^ is a monomorphism, and 
thus Ker (/j/G""^ is a closed subgroup scheme of Ker (p/M^ by (Exp. VIb, Corollary 1.4.2 in [5J). 

Lemma 9.4. G^ is connected, smooth, and unipotent. 

Proof. We state the equations defining Ker p. They are obtained by the matrix equation a{^m)hm = 
h, where m is an element of Ker 'p>{R) for a K-algebra R. 

We represent the given hermitian form /i by a hermitian matrix ^tt* • hj^ with (tt* • hi) for the 
(z, i)-block and for remaining blocks. 

By observing the diagonal (i, i)-blocks of a{^m)hm = h, we have the following matrix equation: 

a(^mi^i)himi^i + 7r(cr(*mi_i,j)/ii_imi_i,i + o-(*mi+i,i)/ii+imi+i,i) + 
(9.5) 7r^(cr(*mi_2,i)^i-2"ii_2,i + a{^mi+2,i)hi+2mi+2,i) = hi, 

where < i < N. 

By observing the (i,j)-blocks of ai^m)hm = h, where i < j, we have the following matrix 
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equation: 

(9.6) ^ (^Crnk,i)hkmkj + 7r(7(*mi_i,i)/ii_imj_ij + TraCmj+i^i)hj+imj+ij = 0, 

i<k<j 

where < i,j < N. 

The equations defining & are obtained by setting 

(1) rriij = Trm'i j if i 7^ j, 

(2) nii^i = id + vrm^ ^ if i is odd, or i is even and Li is of type 11, 

f Si TTJ/i \ _ / id + TTS ■ TT^y' ^ 



(3) rrii 

(4) mi 



if z is even and Lj is 0/ iype P, 



( Si Ti 

nyi 1 + nxi 



TTti \ 
TTZi 



\Vi Ui 1 + TTWi ) 

is of type F. 



/id + its', 

V 



vrr- 



TTV- 



1 + 7r2,x' vr^z' 



if i is even and Li 



TTu'- I + tt'^w'J 

It is then easy to check that the underlying algebraic variety of is an affine space of dimension 

+ : ? is even and Lj is of type I}. 



Ev-^ + rii v-^ nf — rii 



j<j i:odd 

This completes the proof. 



□ 



Lemma 9.7. Ker (p/G^ is isomorphic to A'' x (Z/2Z)^ as K-varieties, where A'' is an affine 

space of dimension V . 

Here, 

• I' is such that I' + dimension of G^ = I. Notice that I is defined in Lemma 4-^- 

• P is the size of the set of even integer j 's such that Lj is of type I and is of type 11. 

Proof. Lemma 9.1 and Lemma 9.4 imply that Ker (p/G^ represents the functor R i->- Ker ip{R)/&{R). 
If m = (^7r"'«^{°'-?-^>mjj) € (Ker (f>/M^){R) is such that m G (Ker ip/G^){R), then m satisfies 
the following equations (which are given as equalities in R): 

(1) Ei<fc<j (^i^rnk,i)hkmk,j = if i < j, 

(2) rui^i = id if i is odd, or i is even and Lj is of type IL 

(3) Assume that i is odd. Then (5j_iej_i • rui-i^i + 5j+iej+i • mj+i^j = 0. 

(4) Assume that i is even and Lj is of type L Then Sj = id. 
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(5) Let = ^ * , where /i^ is (nj — l) X (nj—l)— matrix (resp. (rij — 2) x (rij— 2)— matrix) 

if Li is of type P (resp. of type F). 

If i is even and is of type P, Ti~^{-Kh[yi + a{-K) ■ + VI 2 = 0. 
Here, VI 2 is a polynomial with variables mj-i^j, mj+i^j. 

(6) If i is even and is of type F, h[ri + *Uj = 0, 7r~^ {nh^t + a{'K) • *?/ + tt • ^vz) + P| 3 = 0, 
7r~"^(7r • V/i^t + vrz + ttw + cj(7r)x + iruz) +^2 3 = 0- 

Here, 3, ^2 3 suitable polynomials with variables mi_i^i, mj+i^j. 

(7) Assume that i is even and Li is 0/ type /. Then we have 

Ti : ^{Tra{Tr){zi + zf) + uQm'i_^i)TThi-im[_^i + aQm'i^^i)'iThi+im[^-^i+ 
(^Cm'i-2,i)'^^hi-2mi_2^i + o-(*m-+2,i)7r^/ii+2m-+2,i) = 0. 

Here, m^ j is the last column vector of the matrix rrij^i and Zi is an entry of rrii^i as 
described before. 

(8) We now choose an even integer j such that Lj is of type I and Lj+2 is of type IL For 
such a j, there is a non-negative integer mj such that Lj-21 is of type I for every I with 
< Z < rrij and Lj_2(to^+i) is of type IL Then the sum of equations 

1=0 

becomes 

m 

j;(z,_2i + z]_2i) = 0. 
«=0 

Let be the subfunctor of Ker Cp/M^ consisting of those {rriij) satisfying the above equations. 
Then it is easy to check that is represented by a smooth closed subscheme of Ker (p/ and 
is isomorphic to A' x (Z/2Z)'^ as ^-varieties, where A' is an affine space of dimension I' . In fact, 

l' = ^ninj- ni+ ^ (n^ - 1) + ^ (2ni - 2). 

i<j i:odd and Li-.bound i:even and Li: of type 1° i:even and L^: of type I" 

For ease of notation, let C'^ = Ker ^pl&. Since and G'^ are both closed subschemes of 
Ker (pjM^ and G'^{k) C ^^(k), (Gt)'^^'^ is a closed subscheme of (G'^Y^ = G^. It is easy to check 
that dim Gt=dim G*. 

Claim (G''')'^^^ contains at least one (closed) point of each connected component of GK 
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We choose an even integer j such that Lj is of type I and Lj^2 is of type II. Consider the 
closed subgroup scheme Fj of G defined by the fohowing equations: 

• 1T^i,k = if i 7^ /c, 

• nii^i = id if i / j, 

• and for rujj, 

Sj = id , yj = 0, Vj =0 if Li is of type P; 

Sj = id , Vj = tj = yj = Vj = Uj = Wj = if Lj is of type F. 

Then Fj has exactly two connected components. Notice that Fj and Fji commute with each 
other for all even integers j / j', where Lj and Lji (resp. 1/^+2 and Lj/+2) are of type I (resp. of 
type II), in the sense that fj ■ fj' = fj' ■ fj, where fj G Fj and fj' G Fj'. 

Let F = YljFj. Notice that F is smooth and is a closed subgroup scheme of Ker (p. Let F^ 
be the image of F in {G'^y^'^. Then F^ contains at least one (closed) point of each connected 
component of and this justifies our claim. 

Combining this fact with dim G^=dim G^, we conclude that (Ct^red ^ qX^ g^^^j hence, G^ = G^ 
because G^ is a subfunctor of G*. This completes the proof. □ 

We now prove Lemma 4.2. 

Proof. We start with the following short exact sequence 

1 ^ ^ Ker ^ Ker ip/G^ 1. 

It is obvious that Ker tp is smooth and unipotent by Lemma 9.4 and Lemma 9.7. Since & is 
connected by Lemma 9.4, the number of connected components of Ker (p is the same as that of 
Ker (f/G^ by the next lemma. Moveover, the dimension of Ker ip is the sum of dimension of G^ 
and the dimension of Ker p/G^ ■ This completes the proof. □ 

Lemma 9.8. Assume that there is a short exact sequence of algebraic groups 

l^A^B^C^l. 
LetTro{B) be the component group of B and [t(7ro(-B)) be the cardinality of the group 7ro(-B). Then 

tt(7ro(5))^tt(7ro(A))-tt(7ro(C)). 
Moreover, the equality holds if A is connected. 
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Proof. By definition of a component group, there exists a surjective morphism vr : B — J- ttq(B) 
wliose kernel is connected. Let A' be tlie image of A under the morphism it. Notice that A' is 
a normal subgroup of ttq^B). Then the morphism vr induces a surjective morphism from C to 
'irQ{B)/A'. This completes the proof. □ 

10. Appendix B : The proof of Lemma 7.2 in Case 2 

We repeat the process used in Appendix A. The proof of Lemma 7.2 is based on Proposition 
6.3.1 in [6j and Lemma 4.2 in [2\. 

• Let M be the special fiber of M* . Let 

Mi = GLB/MB^/Yi) for all i. 

For any K-algebra R, let m = ^7r™'"^'f'^'-^~*5^mjj'^ € M{R). Assume that i is even. Let Si be a 
block of rrii^i as explained in Section 6.1 if Li is of type /, and let Sj = rrii^i if Lj is of type II. If 
we write Si = s\ + nsf, then .sj G Mi{R) for all even integer i. Now assume that i is odd. If Li 
is free of type I, then rrij^j is of the form 





^ Si 


TTVi 


ti ^ 


mi,i = 


Vi 


1 + TTXi 


Zi 




\l^Vi 


TTUi 


1 + TTWi j 



where Si is an — 2) x (nj — 2)— matrix, etc. Let Sj be a block of rrii^i as explained above, and 
let Si = TTLi^i if Li is of type II or hound of type I. If we write Si = s\ + irsf, then sj S Mi{R) for 
all odd integer i. 

Therefore, we have a surjective morphism of algebraic groups 

r-.M^Hm, 

defined over k. We now have the following lemma: 

Lemma 10.1. The kernel of r is the unipotent radical of M, and YlMi is the maximal 
reductive quotient of M. 

• The morphism if is extended to the morphism 

^■.M^H Aut,{B,/Zi) X II Aut,{Bi/Yi) 

i-.even i.odd 
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such that (p\q = Lp. It is obvious that Ker is a closed subgroup scheme of M"*" and is smooth 
and unipotcnt. 

Recall that wc have defined M' such that 1 + M' is the same as M in Remark 6.1. Notice 
that M'(i?) is a i?/2i?-algebra for any K-algebra R. Therefore, we consider the subfunctor 
TxM' : R ^ ttM'{R) of M' O k and the subfunctor : R 1 + ttM' (R) of Ker (f. Then we 
have the following easy lemma. 

Lemma 10.2. (i) The functor is representable by a smooth, connected, unipotent group 
scheme over k. Moreover, is a closed normal subgroup o/Ker (p. 
(a) The quotient group scheme Ker (p/M^ represents the functor 

R^Kei (p{R)/M^{R) 

by Lemma 9.1 and is smooth, connected, and unipotent. 

Let i? be a K-algebra. From the lemma, we describe the functors of points of the schemes M, 
Ker tp, and Ker (p/M^ as follows: 

• An element of M{R) is 

and m satisfies the following: 
a) If i is even and Li is of type P or of type F, 



m. 



1,1 



Si TTyi 
,nVi I + TTZi 





^ Si 


Ti TTti 




or 




1 + TTXi TTZi 






\ Vi 


Ui 1 + TTW 




x(n. 


-i){R 


®B/2B) (resp. 


Si 



B/2B)), etc. 
b) If i is odd and Li is free of type I, 





^. 


-nri 


U ^ 


mi,i = 


Vi 


1 + TTXi 


Ui 




\TTVi 


■KZi 


1 + TTWi J 



where Si G M(„._2)x(ni-2)(^ -B/2-B), etc. 
c) In other cases, rriij G Mnixnj{R ® B/2B). 
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d) Assume that i is even and Li is of type I. Then 
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such that Zi e B/2B. Here, 

(i) Zi is an entry of described above. 

(ii) ki-2,i (resp. ki+2,i) is the (nj_2, ni)*''-entry (resp. (nj+2, f^i)*''-entry) of the 
matrix mj_2,i (resp. mj+2,j) if Li_2 (resp. Lj+2) is of type P. 

(in) ki-2,i (resp. /ci+2,j) is the (nj_2 - 1, nj)*''-entry (resp. (ni+2 - 1, ni)*'^-entry) of 
the matrix mi_2,i (resp. mj+2,i) if (resp. Li+2) is 0/ type F. 
e) Assume that i is odd and Lj is hound of type I. Then 



such that mf^i G Mi^miR'S) B/2B). Here, 

i) Vj-i = (0, • • • , 0, 1) (resp. ■Uj_i = (0, • • • , 0, 1, 0)) of size 1 x rii-i if Lj_i is of 
type P (resp. of type P). 

ii) Vj+i = (0, • • • , 0, 1) (resp. ■Uj+i = (0, • • • , 0, 1, 0)) of size 1 x n^+i if Lj+i is 0/ 
type P (resp. 0/ iype P). 

f ) Assume that z is odd and Lj is hound of type I. Then 



such that m'^^ G Mi^miR ® B I2B). Here, Wj-i (resp. 'Ui+i)= (0, • • • ,0,1) of size 
1 X rii-i (resp. 1 x n^+i). 



a) If i is even and Lj is 0/ ij/;?e /, set Sj = id mod tt. 

b) If z is even and Lj is of type II, set mj^j = id mod tt. 

c) Let i be even. Then SiVi{Tesp. di{yi + feuj)) + ((5-_iei_i • mi_i,i + (5-+iei+i • mj+i,i + 
(5i_2ei_2 • mi-2,i + Si+2ei+2 ■ mi+2,i)ei = mod tt if Li is 0/ iype (resp. of type P). 



Si-iVi-i ■ rui-i^i + 5i+iVi+i ■ rrii+i^i = 7rmj,j 



• *mi,i_i + (^i+it^i+i • *mi,i+i = 7rm[^^ 



• Ker (^(-R) is the subgroup of M{R) with the following setting: 



Here, 
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iii) When j is even, ej = (0, • • • ,0,1) (resp. ej = (0, • • • ,0,1, 0)) of size 1 x nj if 
Lj is of type P (resp. of type F). 

iv) If j is odd, then Cj = (0, • • • , 0, 1) of size 1 x Uj. 

V, - (■;) of s.e „. . K - 1) («sp. . („. - 2),. whe„ id . the iden.., 

matrix of size (nj — 1) x (n^ — 1) (resp. (rij — 2) x (n^ — 2)) if Lj is o/ i?/pe P 
(resp. o/ ij/pe i^). 
vi) ii = id of size rii x if Lj is o/ i?/pe //. 

d) If i is odd and Lj is o/ i?/pe // or hound of type /, set mj^j = id mod tt. 

e) If i is odd and Lj is free of type I, set Sj = id mod tt. 

An element of Ker (p/M'^{R) is 

m = ^7r"*"^{°'^"*^mjjj with Zi,m^i,m'-^-. 

Here, mjj G Mnixnj{R) if « 7^ i- 

a) Assume that i is even and Lj is o/ iype I. Then a matrix form of mj,j is as described 
above such that Sj G M(„._i)x („._!) (-R) (resp. Sj G M(„._2)x(ni-2)(^)), etc. if Lj is 
of type P (resp. of type P). 

b) If z is even and Lj is o/ i?/pe /, set Sj = id. 

c) If i is even and Lj is o/ i?/pe //, set mj^j = id. 

d) If i is even, (5j?;j(resp. (5j(yj + 6?;j)) + ((5^_iej_i • mj_i,j + (5j+iej+i • mj+i,j + 5j_2ej_2 • 
'T^j-2,^ + (^1+261+2 • mi+2,i)ei = if Lj is 0/ iype (resp. of type P). Here, each 
notations follow those of c) in the description of Ker (p{R). 

e) If i is even and Lj is of type /, Zj + 81-2^1-2,1 + <^j+2fcj+2,i = 0. Here, each notations 
follow those of d) in the description of M{R). 

f ) Let i be even. Then Zi E R and 5j occurs only when Lj is of type I. 

g) Assume that i is odd and Lj is free of type I. Then a matrix form of mj,j is as 
described above such that Sj G M(^^.-2)x{ni-2){R)i etc. In addition, set Sj = id. 

h) If i is odd and Lj is of type II or hound of type /, set mj^j = id. 

i) If i is odd, (5j_iVj_i • mj_i^j + (Jj+iVj+i • mj+i^j = 0. Here, each notations follow those 
of e) in the description of M{R). 

j) Ifi is odd, Si-iVi-i-^rrii^i-i + Si+iVi+i •*mj,j+i = 0. Here, each notations follow those 
of f) in the description of M{R). 
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k) Let i be odd. Then m^, m[ ^ £ Mixm {R) and rr;^, m[ ^ occur only when Li is hound 
of type I. 

We remark that the above only describes the underlying schemes. The group law is to be inter- 
preted as Section 5.3 in [6]. 

• This paragraph is based on 6.3.6 in [S]. Recall that there is a closed immersion G — )• M. 
Notice that Ker if is the kernel of the composition G ^ M ^ M/Ker (p. We define as the 
kernel of the composition 

G ^ M/M^. 

Then G^ is the kernel of the morphism Ker cp — )• Ker (p/M^ and, hence, is a closed normal 
subgroup of Ker ip. The induced morphism Ker pjCj — )■ Ker (pjM^ is a monomorphism, and 
thus Ker pjCj is a closed subgroup scheme of Ker p/M^ by (Exp. VIb, Corollary 1.4.2 in [5j). 

Lemma 10.3. G"^ is connected, smooth, and unipotent. 

Proof. We state the equations defining Ker ip. They are obtained by the matrix equation a(^m)hm = 
h, where m is an element of Ker (p{R) for a K-algebra R. 

We represent the given hermitian form /i by a hermitian matrix ^vr* • hij with (vr* • hi) for the 
{i, i)-block and for remaining blocks. 

By observing the diagonal {i, i)-blocks of a(^m)hm = h, we have the following matrix equation: 

a{^mi^i)himi.i + 7r(fT(*mi_i,i)/ii_imi_i,j + (T(*mi+i,i)/ii+imi+i,i)+ 

(10.4) 7r^(fT(*mj_2,j)/ii-2?n'j-2,i + cr{^mi+2,i)hi+2mi+2,i) = hi, 

where < i < N. 

By observing the («,j)-blocks of a{^m)hm = h, where i < j, we have the following matrix 
equation: 

(10.5) ^ cr(*"ifc^j)/ifcmfej + 7rcr(*mj_i,i)/ii_imj„ij + TraCmj+i^i)hj+imj+ij = 0, 

i<k<j 

where < i, j < N. 

The equations defining G^ are obtained by setting 

(1) ruij = TTin'- j if i / j, 
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(2) If i is even and Lj is of type P, 



Si 



rrii 



' id + TTS^ TT^yf 



y-KVi 1 + -KZi^ 

(3) If i is even and Lj is of type F, 

( Si Ti TTti \ 

mi,i = nyi 1 + nxi irzi 

\vi Ui 1 + -KWi J 

(4) If i is even and Lj is of type II, rrii^i = 1 + j. 

(5) If i is even and Lj is of type I, 

4 + ^i-2k'i-2,i + ^i+2k'i+2,i 



■k'^v' 1 + TT^z', 



/id 

V 



1 + TT^x' 



0. 



Here, ki-2,i = 7r^i_2 i A;i+2,i = 7r^i+2 i' where A;i_2,i and A;i+2,i are defined in d) of the 
description of M{R). 
(6) If i is odd and Lj is free of type I, then set 



\ 



yi 1 + TTXi u. 
\TrVi TTZi 1 + TTWi J 

If i is odd and Lj is of type II or bound of type I, then set rrii^i = id + 7rm^ 
(7) If i is odd and Lj is bound of type I, 



Try'- 1 + TT^X- TTU- 

V TT^^;^ TT^Z', I + TT^W'J 



\ Si-m-i ■ *TO-,i_i + di+m+i ■ *m^^^+i = 0. 

Here, notations follow those of e) and f) in the description of M{R). 

It is then easy to check that the underlying algebraic variety of & is simply an affine space of 
dimension 



+ ^{i : i is odd and is free of type 1} 



i<j i-.even i:odd 

— tt{i : i is even and Li is of type 1} + ^{i : i is even, Li is of type I and Li+2 is of type II}. 
This completes the proof. □ 
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Lemma 10.6. Ker (f/G^ is isomorphic to A'' x (Z/2Z)^ as n-varieties, where A} is an affine 

space of dimension I' . 

Here, 

• /' is such that I' + dimension of = I. Notice that I is defined in Lemma 7.2. 

• 13 is the size of the set B, where B is the set of an integer j such that Lj is of type I and 
Lj^2-,Lj^^,Ljj^4^ (resp. Lj_i, Lj+i, Lj_|_2, -Lj+aj are of type II if j is even (resp. odd). 

Before proving this lemma, we need some preparation. Assume that Lj is of type I. Observe 
the equation (10.4). We define the equations Fi and £i as follows: 

{i,iy^ -entry of (10.4) if i is even and Lj is of type I; 



(1) J'i 



(2) Si = 



{i — l,i — -entry of (10.4) if i i^ odd and Lj is free of type I; 

otherwise. 

{i — l,i — -entry of (10. 4) if i is even and Li is of type P; 

otherwise. 



Assume that i is even and Lj is of type I. Let /ij = [ * j , where /ij is an (nj — 1) x (nj — 

1)— matrix (resp. (nj — 2) x (nj — 2)— matrix) if Lj is of type P (resp. of type F). Based on 

Theorem 2.8, if Lj is of type F, then h'- = ± i | . We denote 6j mod tt by 6j(G k). 

\1 26jy 

For j G B, there is a non-negative integer ruj < j such that L^^. is of type I, I ^ B with 
rrij <l < j, and L^^._i, L^^._2, L„^._3, L„^._4 (resp. L„^_i, L^^._2, L^^._3) are of type II if ruj is 
even (resp. odd). Let ij = Zi mod tt if z is odd and Lj is free of type I, where Zi is denoted in b) 
of the description M{R). Then the sum of equations 

l=mj Li is of type P with bi unit 

becomes 

{zi + zt^) + ^ [biui + hi uf) mod tt = 0. 

'mj<l<j, Li is of type I Li is of type P with bi unit 

Let us provide the proof of Lemma 10.6 below. 

Proof. Lemma 9.1 and Lemma 10.3 imply that Ker (^/G^ represents the functor i? Ker ip{R)/G^{R). 
If m = ^7r"*"^{°'-'-'}mjj) G (Ker (p/M^){R) is such that m e (Ker (p/G^){R), then m satisfies 
the following equations (which are given as equalities in R): 
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(1) 'EiKkKj (^C^k,i)hkmk,j = if i < j, 
Assume that i is even. 

(2) Choose an even integer i such that Li is of type I and is of type II. For such i, there 
is a non-negative integer m'- such that Lj_2Z is o/ ^ype / for every / with < I < and 
Lj_2(m'+i) is o/ type II. Then wc have the equation 

(3) rrii^i = id if Li is of type II, and Sj = id if Li is of type I. 

(4) .Sj if Li is o/ iype F. 

(5) (5jfj(or (5i(yj + kvi) if Li is of type P) + {5i-2ei-2 ■ "ii-2,i + ^i+2ei+2 ■ mi+2,i)ei = 0. 
Here, notations foUow those of c) in the description of Kcr '^{R). 

(6) If Li is of type I, Zi + 5i-2mi-2,i + (5j_|_2mi+2,i = 0. Here, notations foUow those of d) in 
the description of M{R). 

(7) If Li is of type P, ir-^nh'^yi + a(7r) • + ^ = 0- 
Here, 2 is a- polynomial with variables mj_i^j, mj+i^j. 

(8) If Li is of type F, 

' /i-n + *i;i = 0; 

< TT-^ (7r/i'jt + (7(7r) • *y + TT • + 7^1,3 = 0; 

7r~-^(7r • *r/i^t + ttz + i^w + (T(7r)x + ttuz) + 7^2,3 = 0- 

Here, VX-^^V^^^, suitable polynomials with variables mj-i^i, mi+i^j. 
Assume that i is odd. 

(9) vfii^i = id if Li is of type II or bound of type I. 
(10) If Li is bound of type I, 

^mT^i = hi ■ .; 

5i-iVi-i ■ rrii-i^i + Si+iVi+i ■ nii+i^i = 0. 



Here, notations follow those of e) in the description of M{R). 
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,0 h'' 





^ Si 




ti ^ 




(11) If Lj is free of type I, we denote mj^j = 


Vi 


1 + TTXi 


Zi 


. Let hi 




\TTVi 


TTUi 


1 + TTWi J 





where /i^ is (wj — 2) x (n^ — 2)— matrix. Then 



Si = id; 
h'i-ti = 

hi-ri + %Ui = *Vi; 

*riE ■ti + Wi + Xi + UiZi = 0. 



(12) J^j if Lj is free of type I. 

Notice that the equations (2), (4), (12) give the following equation: 

(13) For j G J, 

^ izi + zi^)+ {biui + biu]) = 0. 

'mj<l<j, Lpof type I rnj<l<j, Li:of type P and bi e (2)\(4) 

Let be the subfunctor of Kcr tp/M^ consisting of those (mLj) satisfying the above equations. 
Then it is easy to check that is represented by a smooth closed subschcmc of Kcr (p/M^ and 
is isomorphic to A' x (Z/2Z)^ as At-varieties, where A' is an affine space of dimension I'. Indeed, 

l' = Yninj+ J2 {ni-l)+ J] (27x^-2)- 

i<j i:even and Li: of type 7*^ i:odd and Li-.free of type I 

Hi + : z is even and Li is of type 1} 

i:even and Li-.bound of type II 

(10.7) • ^ *^ even, Li is of type I and is of type II}. 

For ease of notation, let = Ker (p/G^. Since Gt and are both closed subschemes of 
Ker (p/M^ and ^^(k) c G^ih), {G^y"^ is a closed subscheme of {Giy"^ = G*. It is easy to check 
that dim Gt=dim G*. 

Claim that (G^)"^*^*^ contains at least one (closed) point of each connected component of GK 
For j E B, consider the closed subgroup scheme Fj of G defined by the following equations: 

• rui^k = a i^k, 

• rriiA = id if z 7^ j, 
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• and for rrijj 



Sj = id , yj = 0, Vj = if i is even and Li is of type P; 

Sj = id , rj = tj = yj = vj = uj = Wj = if i is even and if Li is of type F; 
Sj = id , rj = tj = yj = Vj = if i is odd and if Li is of type L 

Then Fj has exactly two connected components. Notice that Fj and Fji commute with each 
other for ah pair integers (j, j') such that j ^ j' and G B, in the sense that fj ■ fj/ = fj/ ■ fj, 
where fj G Fj and fj' £ Fj'. 

Let F = Ylj^j- Notice that F is smooth and is a closed subgroup scheme of Ker if. Let 
be the image of F in {G^Y^'^. Then F'^ contains at least one (closed) point of each connected 
component of and this justifies our claim. 

Combining this fact with dim G^=dim G^, we conclude that {G^Y^'^ ~ G^, and hence, G^ = G^ 
because is a subfunctor of G^. This completes the proof. □ 

We now prove Lemma 7.2. 

Proof. We start with the following short exact sequence 

1 ^ ^ Ker 99 ^ Ker ip/G^ 1. 

It is obvious that Ker ip is smooth and unipotent by Lemma 10.3 and Lemma 10.6. Since G^ is 
connected by Lemma 10.3, the number of connected components of Ker ip is the same as that of 
Ker (p/G^ by Lemma 9.8. Moveover, the dimension of Ker ip is the sum of dimensions of G^ and 
Ker (p/G^. This completes the proof. □ 
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